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'-Polg%on,s

Compujrajrnovml %eome)ma, I +undama.nl'a”3 dscrete . COMpu!—aern wilh curves and
smooth sutaces are generally @nsidered pact of arother peeld, ofen called
“geometric modelm%".

Q p0|530n P 15 the closed reglon  of the plane  boynded b% a finite

ollection of line segme nts formng. closed core that does not intersect
trself .

(@ ) © C)) (e



Theor@m (Pola%onal Jordan Curve). The lboundary 2P of apolj%ovx’P Par’rlhom
the plave ‘wto 4wo parts. In particolar, the +uo Companents of R/ av
are the bounded ntevior and +he unbonded exterior.

6K@+Ch of 'Hl?/ PY‘OO.[.. a,Jr[xed durection Jr|na+ (5 not

%%Jro cny ecJ%e o P

Then an wt x e B\ § 9P}
lies oﬁE CELO the @llowumﬁ

-l’U\D cets:
A N The Huroualh x n diveckion w
m%BP n a%\ ewen nomber of

Crosses
+Himes .

k) The roy through ¥ m direction w
crosss P m an odd  number of

| times .

V

Cxrase. Prowe bhat  )-Every poth belween powks [y v dijerent sels wmost cross oP.
Xenoisg.  Trove b)_mrg s.a path between P?MJ“, mthe same set Haot doeswt contans

Pomjf.s 0§ L



Adla a/( * (OV\Pl l o0 T +H two vertices of P
and \38@ maﬁ\'\epowmnor o+%)CbnoerJrouc&f:;n’o‘PCOg:cQgp’rn%a% \Jrseend%ﬂ;h

(a) (b (<)

Dq\mhon. Ajrr‘\om u\c«,‘hon of @ po\:jaon P 15 G daoompos\jmn Of p
\nto Jﬂrlan%\zs b3 o “maximal set Of von " crossing, J!agpna\s.
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%OWZ qroeb+\ow$1
s How mcmg_ J!HC\FMJF {’V‘\ancg_ula{'ions does Q %wen Pol%on have ?

. How man% ‘l’rnogn%\zs Qe gach Jrr\w%ulo‘holm Of a c}lven po\UgoV\?

o Must ewery pol%%on always have o least cne cl\acapno)?



Lemma: gverg P0\530n P with wWove 3 va,rhcm Lmb a clla,govm\.

Proop: Let be v the lowest vertex of P T there
are ceerol take +he nngrmos‘l‘. let o omd b the
nu%kbors o V.

I,@ the m%mm* b s contamed 1w Pond abadP=ga,bl
then ab s @ dna(}om.l.

Otherwise, sme P las more than three vertices, the

closed +r\omg|e roby watoms ot least one vertex of P

det L be o [ime po.ra”@l Yo ab 'Hwovgld V. Oweep Hus
line porallel to tsely vpward toward  ab,

ya det x Hae first Vertex ditferent 40 @b or v
The (shoded) tricngular region o the polygom
below | lne L omg abovr:% v s mﬁ%@,{,ﬂgwuc&

@ EQOTM)SG, vx| @nnot wt | 9P except O}vavxéx
VX |15 oor dn%oml. -



T heorem: Ever% PO[SS(M hos Jrr‘lqnﬂolajr\ovl.
?roop. lg P have 3 verhees

Supposg l\/} 23 an& the f“/LW\ s val| r:‘ {ov
polygans widh {eswor verkceg

Thoe oo dia
2 Y,
al 5t. d dudes P ndo
P o ¥,
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(.Te trahedralization

Tor a 3.dwmensional polytope (pob\nedron) P, we can "+:\an50 ote " P

Using tetrahedrons.

iuow many Yekrahedrons?
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OPD,n problem:
Find o charadrerzation for tetrahedralizable Polg\naxlra.

ln 192 Jm Pluppzﬁ ad  Ramond  Seidel ol oved tHiat AexLermmw;L
whether a POlfjha&m” s tefrahednmlizable 18 NP- complete.



Theorem . EVQF‘H +r\an%u|ajrlom of & Pol&goln P with n vertices  las
n-2 +r\an%les and n-3 dta%onals.

Prooy.
i [\/({9'>\: Vl( [\/(P"L)\ :\/\’L
?: L\Av{, ?1 (/\I\\/L
N2 Tr M, -2 Fuion
(ﬁ [rs sy
T)( ? h\'?' +V\'L"7— + (V\,"’hq,)"b[
T Lfv\/
TNt L ~¢
— VT2
Vll '_3 J’V\Q”Z)*‘[ =

V\IJ’V\’LFS — V\’\'z ‘5: W_B



we eomejmmes Ca”{ears' -H\wae oonsecu’nve vevticed a,\o,c f ac s a dlagonal_

a

b e the
eart1p

Coro“arg‘ Evrzrg polgaon with W hos ot least 4o ears.

Poa: | @xercise



The wumber of triangulations of a pxed polygon P has much. to do with the "shape
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:Blﬂ,arﬁ Tr&b
A blﬂdﬂ} +Y‘¢ZQ, 15 Q gmph where gach vertex has a  masimum degree egual +wo.

The order of o blV\GV‘y tree 15 the number of vevhces with CIQ%ree 1
J\Herevd' o +he voot.
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Dﬂck UUOWCJ%

A word with alp\noubdr condistng Ohl% two letters | SVRIT called Dﬂck'wmi

I have the some  nymber of Xx's and ¥'s  and m overy “step”  #xywy

@ 1]
Xy 1

XXTT 5 XX Al

XAXYLY | XXYXLY ) XYXXPY | XYY K, KRR S

@ © 6 0 @

XKL RIRY yoo



A Dgck path 15 a lathce path wthe plane that starks at the
orgth (0,0), Consist of steps (1,0 wp) (1,-1) @own), stays on above the
x-dxis, and ends at the pomt (en,0) for a hon—negapwe m’reger n.
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Lattice poujrbw

How many northest lattice paths grom ©,0) fo (0 dont pos below
the x=¢ " diagonal 7

v




Lobs coont i} ! |

1:%4 IeJr‘s coonJr a.“ -H«e pa_sa\o\e ’POVH/G.

mre ore 'Lo man% Pw+hs gon from (0,0) to  (n,n)




Bad paths rq\ec{-\ovub

:

—

Observe that lem s
biiection between every
reslected bad path ond the
set of all possible paths gong.
from (0,00 fo (4, n-n).

There are such Po&hs_



—{:W\allg, b% e iclusion - exclusion principle
CEINEEY ENETEP)

TL\MI ® A convex n-gon admit Cn- +r|ong_0|altlow6-
@ There are Ca Birees /D words /D. poths/? lathce

poths of order v.



At %a“@vg problwm. (lo% Klee)

Our %aller% (M RL) s

- A smple po\ggon P (1o holes, no automkersections )

Our gards are:
A sek of ks Sc P
We sad +hod our g_o«llo*; & sope i
Every pont peP an be'seen'by a powat m 5.

How mang %/uow*cls &o we \n@as our gpxnev‘j Yo '06 8a+€7.

Can one quord  Keep eape the gallevg?
Tt the quards Gure ooajczd nHe comers (vertiees) what s the

small sl o the seot



we said Hoat pom,{‘ X can %22 pomt ¢ (or v s visibke to x) ¢ the closed
segmenJ( XY 15 nowhere extenor 4o the poljﬂon P,

Two P"lﬂﬁms 0p n:=1 vertices: (a) requires 3 g,uards ; (0 reguires 4.



Mora {,Or‘ma“%:

Express as a fonchon of n, the smallest nomber o goords that sugyice
to Cover any polygon of 1 Vertices.

Lot g(P) be the smallest nomber of guards needed 4o cer P

ie,

TQERUN 115 Scovers P3|,

let P b o polgjon of n vertices | then we depine

G\ )= mXP“ % (Pn)

T\nen we are lookmg for C—l(n).



to

*small

S

~ \
/ N —
N
- /
/ / ‘




We wveed at leant L[7%)

n=9

Chvétal constroction

Then, 15 if trve thad Gm= %12



lemmor: Ever} eran%vla)r\on o a polygon 15 3colorable.
Prooy: By dockion on the nomber o vertices of P

Base case: Consider the sumple trangolation, o engle triangle.
Coloring each wertex with digrevent colors 4hare are wo
fwo adjocent with the some  color:

Indoctive Wpothesis . Assome the lemma s walid (or any
friangolation of o polygon P with n vertices .

Indloctive step: Now consider a pougon P with nit verhices.
Chogse a.diagonal d that dwides P wlo two emaller polygons P and P..
By indoctive Imjpoi'hesis these poljgon,s can be 3-colored.

Gonsidering the colors 05519nad to the diagonal d m P and
Poxhaps ajter o possn\o\e permutation of the colors as\slgned P
we obtan a 3-C0brm8 of P

Thm [Fek w381 (G- (3]

Procg: Chwvatal constroction guve vs G2 3],
By the lemma. every triangolation T} a polygon Pis 3-colorable. Swice every powt
m Plewna ‘l’flaV\%le %cT and every pom+ no Jmomgle © vsible for all de vertices 5
choosimg. one Chowokic coss we can see all the ponts af p.



AV"QQ, Of & Tlrlang_le.

From linear alaabm we. Know Hhot 4 A ond B are vectors, then The cross praduct (A xB|
determing the drea 0f The pamllelogram with sides A and B.

A:(—h}) [3:("\,5-)

[Axelz |dob(% i)l: [-3-rl= 15

Then for a,b,c pomts m R we have Arasobes L] G-a)x(car

c
(]




_J.emma,: Twice the area of a Jrnw\%le T=(a,b,0) 15 given bg,

LA = |be b, 1| = (b-a)(c- @)~ (Co-ad(b,-a)

Co Ci |

ma.n‘

Arez, of o %Iﬂﬂm

APz Ao v, v+ AW VN + AV, Via, Vo).

3



Avea of G quadrilo&eml

AlQ)= Alabe 1+Alaed ) = Adab) +Al,b,o

:> Q\AA(Q) | QOL)‘~ a\bg@‘aQC\"{'boc\ _Cob]
+0\.0C‘@ + QG -a0d|+cod| _cl"c\

Ao b“ a\bo + \bacl - Cobo +Q‘do ’(lod\-‘- CoOh 'CLCI
Ao, -a b, + b,C - b.c +6d.-c.d. tdoa,-dia.

R

n %enevo»\ fora convex poligon P

n-1
2ATP)= 2 (% ®) g

(4,9 0/0
(140 A

(,/7_ = ;—,( 06D +2(0)45()+6()+ 4+ 1)) [002) 4061+ 0()+2(4) +s(|)w(o)J)
¢ G ‘/S 3 |04 - (-5 +845) |
25

—

—
\

—

1o

(5,0
(0) ()] L

(z,-1)



AV‘ea. 0+ (0% Nomccmvex Quaclrxla’reral,

AQ: AGbO) + Al,cd)

[ z 0| (11'
AlQ)z= 5 |T3, |+3lss |
S8 || S,4

b = (q, )
‘z[(c,rf'z £9)= (s + (L a) + (I6+5+20)- (40 +8+9)]
Yo [(53-46) + (41 -53))

v, [ 43-13]
(S

1 e 0]



Lomma 132. 1{_ T=a0bC 15 0, eran%le with vertices onented covnterclokwise, and
p s any Powd' n the plane | then

AM)- Alp,a,b) + A(P o )+ Adpyc,a)



Theorem [ Avea of Polwov‘:\. Let o polygon (@nvex or vononwex) P hawe
vertices Vo, .., va \abeled” coonterclockuwise, o‘nj let p be any port 1 the plane.
Then

AP)= ACp, Var, Vo ) + A lpy v v5) +Ap, vqyﬂ ot Ap,ves 5 V) 4 AR, Vi Vo)

Tp vis 0 %) =9
l(A(P-) = Z (XCY&-\' YCX&\)
(7]

= Z (K4 XZH)(Y@H‘“(()

(=0



Order+5pes and churotopes (for pomtsets m R)

(e order —l—npe op a.set Of pomts i the pbne refers o the  @mbatoria)
Inpormation aloovt the orientation of every triple o ponts n the set.
Seecipically, 1 describes whether each  +riple  form o legt torn a right torn
or & collnear,

Two sets of pomts nR® have the same order +jPe i there o
a one-one correspondence  between thewr ponts that “preserves the orientoton

of every el p\e+.

(x *é

The {,un,c{'wn_ [t S5 where fla= oL, {.[\7) =, ‘[_( DE 4 ,{(c‘)=£
sotispy that  the  orentaton of every triplet TmSy 15 the same
Hhat the oromtotion o {1 en S



where
b‘é— {Ll;w-, (‘dnk-

Py
°
@ |5
? °f
°
Pa
P
()
oD,
° °
P| ?1

A (1 ,1,3)= sgng

"

A Chaa)
x(1,3,0)
x(z,3,4)

IR

X(hr3) =+
XKl 4) = +
x3,4) =~
% 234) =4

then  the chirotope I
represonted by 4+ -t

Tora st of po\w{'s P=§P.,...,p-\7s m [P\d) ’Hie c\mvoi-ope X s q,+unc+lon:
X;{l)zJ...,nﬁd“—) (=, 4,0)

XL, Gy, la)  represents the orentaton  of the d+i ponds ndexed

?
| = Gan 0
P;l \ﬁ +

2 1
g2
241

= Sign of b=+

+ + +

then the chirotope 1o
represonted by At

XA =+
?) A = 0
0 ’)C(\,);*‘):—
K(234) =+
@ o ©p

L then  the chirofope 1
P ! 9, represonted by +o-+




« The chirotope 15 anhsymetrc | moaning. +hat SWappIng,
two ndices ﬁe, fuple the sign of the  foncton clmom%u.

o fu o ¥,
? 093 %(P):+—+++ ° OP:I, %(‘P\):‘ - T
P P
P2 p U
. U
® oP %(P):++-‘
? 9



oty many. order +\le2& there are ?

(-] 0 ()] a °

° e A : 5 o ° .
Numboer or - powdrs Momber o order types

3 (

Yy /A

S 3

b | b

+ [3S

8 3315

9 158 1%

U 209 ¥

= <o

2534 S5\ 907



C (g ev) lom Segrumceo 2

becd

dacl
adcb
adbg
abdg
abcd
bacd
bcad







Convex l'kL& (T focomwend o read  Modomek's boo k).

A ot CeR s convex I for ewry fwo ponts % geC the whde
5e%me,vr{' ¢ 15 also contaned w C. ~ In other words, for every £e(0,0,
the pont tx+(-byy belon?s to C.

The wkersechion  0f on arbitrary famly of convex efs (s
obwiopsly convex. So we can depine the convex hwll of o set
Xe I denoted by conv(X), os the ntersection of all convex sets
w B Covﬂ'o\.\nm(j, X.




Clouwmn, A Po.n+ v belm%s to conv(X) \f there guist pomirs

Xiy Xy oy Xa € X %nd nonegahvz ceol numbers  t.,. t. with 2 iz |
such Hhoh x:_z-t;x:. i

‘—‘5) Bg mocton onthe number 0f powmts.
o Lg nza s 1s by dejinttion.,

° Svppase, the & valid Lon et poinks
' let x be o pont cond (X)  where 1Xlen .

L

P = 0¥y HKaly d~--d by R |,
X= tp4 (4 X
EIR Y53 R REEP 2 K 1 { (= DR
é:ot:'l: +0-%) = t?a;+ (-t)

Pm_‘l :

ZOC{'—'\

= t+0-1)

= |

<= The setop oll convex conbwoions contains X, and 1t s convex .

7]



Theorem (Camtheodory's Heorem). Lot XCB. Then ecch pomt
of conv(X) 15 a Convex conbation  Of o wost  d+t pownts of X.

Praog. Lok p be o pont mthe convex hull op X | then
P:OC)(.‘I’(Y.;X-;,*---'FOL*\XV\

for some Posd'wc s et Zc;‘)lr= I
I_[, v <3+t we are done .

Ouppose. then thak N7 Jet, Then +he POIM‘S Ky Xy Ag=X o, ooy Rae OWR \meavi%_
dependont. Lot Bc =20, be real numbers, not all zero, 5.t

Z = 0. P
D0 there are constants A sney o vt all 220, ¥

n

Z/k\; X; =0 and Z/},:= D - P\rg\/e, \—l—

=t

Lot F o o sobset of postinve scalors  frernl: quezod

Oz mox i

el



Theon we have  p= Z CH P
L=1

Lor ot leost one T ‘H«ls 15 Mo 2ev0

n deed 18 gorrar be

ZKEX; —Z‘W: T ALRE
fﬁl L=\
K
Observe +hot  Hhe som of Coefficients s

We L\;;\Ve, QA conve X oonv with [a/.) thon  n>AH POlVL“rS.

Agpter repeat g the above proces several  Himes
We TN gxpress  p o as  any gnuahion of od wost d41 ot

/A



Thm(?\a&or\‘s \vanq,). .J.e-l— A e a 5@4’0{. d+2 pom,l—s () Wté-
Then there xst two dlSJO|Vl+ subsets A, A€ A X conu(A)Nconi(B) #8,

P‘(OO{—‘ _Ld— A={(7\(,...J0Ldn1 JT\r\m Fv\n+s avf_a_g_melj Aepmc\wrl'.
Then eyots wumbers ob,  oten ot oll of them o st

2R a:=0 omd Zo=0,
5@1— P: i::O(_c >O?K 5 N=gf:ol¢(0’g

.l_e-l' U pu+ Al= EG&; :EGP?S A-L:%OLC 169“3 , W{’, ove 90“’\ ’I‘O
2dnbd a pmw\'x N the wtereecton o He conv holl of
these Sefh

Pt 0= Z w0, we hewe 83— 2 dc

tc? CEN

RN
ée_{,me, x = T | M

{€P

é‘-‘ ——
Dunce Z dia; =0 = Z ®:ai + jo{;a; we also have x= B &
= (G el zeu



Thwn (H@,” ) For a ke aollection og convex sets C,, ... C, Cﬂ?xdJ
where  n>d, T the whersection of overy. du of these Safs 18 nonemp’rg)%m

ne 2378

’Proojtz Bg, nduction on n, Smce nsd b% b\ﬁfojrl/w/als we have o base cose
Houeupy~ we are IIA% to dhow the case n=diz, which will loder
be vaed 1n amonchion " with the inductive by pothess to prove e

inductwe  etep-

C\/\Doso, a @Mmon ol a: or oll coks CJ' where |#i.
€. a;eQCj, J_e;l-pgxi {O,.bjz) .,,,adni. ]

JF
B%. Rodon's Thm | there 1sa nontrual, deyoutt porhtion A A,
of Ast  anilA) Naonv(A) wtersect of some port x.

mso, observe that ¥ie[dr] the only Poer that s ot m C; but s mA
s a;. Note that smce a:e A, and A=A, v A,, we can  assomg without loss

of generality that a; ¢ A, This means that acé A, 50 A,c Cr.
Swmce Ci © onvex, W+ has +o confan, the convex hll of A, O\P\d n por‘hcobr the pmw}‘x.

Hence, x 5 @mmon 4o all the C s, e, xeﬁC;_

A e lar a'fgﬂ”@“'{' proves He @zs n>dre. R



Thim (H@” ) For a tintke collection of convex sets  C, ... C, C(P\d)
where  n>d, I the wrersection of overy du of thete sefs i nonempty , Hon

Qlcr 374

¢ xorciseq.
O .1 I LJQ OL.(_H/H'l'e ,{:_Q\Mllg’ o paml[e] line SQ%\mavHrs I FPQ

eoch dhree of which, admt & common tramsversal. Then +hee
s o ommon tanwsversal o oll memboers of pl

’P"OOL" We. ol 0ppose I_ coneet . oF leagt 3 wmembers and all of. Hhem
are porallel to the Y.aws.
For each sequment Sel Lot Gef@v) B S0l whare Rohs v=axb .
Cav Cs conex and cach 3 hae mvxemp‘% wite-Sechon  Hhen bg, HT
‘LL\e\q_ isa powt CG.,E)GQj_Cs-

The ling Y= agx+b, 15 a homsersal @mmon to all vnembers QFI,



d
@ Consider o {,&Mll%_ af conuex  Sefs - §C|)...)Cv.3 m B ond let C bea convex set m R,
Li por avery die clemets of T thee s o dovslahon of C thot whrsect them,
exist o translation of C thet intersect all e Convex sls m ¥

i 4o ¥

(v

P LT |
gl let Ci=fxelR - @Onc#B3. Then eoch seb C: s covex and each dti

of these sets C;y love a @mmon pomt. Bg_ H.T  there exsts a pont '
W QQ, ond (x+COnCc+ g o Ge T ¢



